Abstract. We present a construction of high order finite elements on a pyramid, with the goal of building approximation subspaces which satisfy the commuting diagram property. An explicit construction of these elements at the first and second order is presented; the basis functions are rational polynomials. We show that at least in the case of the first order basis, our construction yields exactly the same approximation subspaces as those presented by Gradinaru and Hiptmair. This is still work in progress.
Introduction
A desirable feature of discrete approximations to solutions of PDE is that they preserve geometric and algebraic properties of the continuous solutions. A starting point for constructing finite element approximation spaces which have this feature is to seek first the de Rham sequence within which the continuous spaces lie, and then design the approximants to satisfy a similar de Rham sequence at the discrete level. The design of appropriate interpolants from the continuous spaces to the approximation subspaces then allows one to prove that the diagram commute. [1] . Beginning with [2] , several authors have exploited the notion of a discrete de Rham cohomology, first to prove properties concerning existing finite elements, and (more recently) to design them ab initio.
Most of these constructions have been on simplices, ie, the triangulation of the physical region is achieved using tetrahedra or hexahedral elements. A general three dimensional mesh will include hexahedra and tetrahedra. To avoid hanging edges when connecting these two types of element, prisms or pyramids must be used. Gradinaru and Hiptmair [5] construct the lowest order pyramidal elements and show that they satisfy the commuting diagram property. By lowest order, we mean the basis functions which reduce to linear polynomials on the faces of the pyramids. We present a construction of these elements following a different procedure, which can then be generalized to higher order elements.
We make several remarks at this juncture. First, it is clear that one should not use a triangulation consisting entirely of pyramids for typical domains -a more efficient triangulation allows for tetrahedra, boxes and pyramids to be combined. In such a mesh, the degrees of freedom which we prescribe on the vertices, edges and faces of the pyramid need to interface well with those of the adjacent elements. The global regularity of the function we wish to approximate will enforce certain continuity restrictions across faces and edges; these need to be respected as wellie, we must ensure compatibility. Second, it seems that using polynomials alone on a pyramid is not possible. As Gradinaru and Hiptmair suggest, one may view a pyramid as a degenerate cube. Suppose one started with a finite element on a cube, and then mapped the cube to a pyramid. Since the mapping has a singularity, it seems only reasonable that one may acquire singularities in the mapped basis functions. This is indeed the case, at least at the lowest order.
Our contribution in this paper is to provide a framework to develop high-order finite elements on pyramids which satisfy the discrete variant of the following de Rham sequence:
(we use the standard notation for Sobolev spaces.) We provide an explicit construction strategy for finite element approximation spaces on pyramids, and also prove the exact sequence property for these spaces. Ongoing work includes establishing rigorous approximability results, and the development of suitable interpolation operators which will allow us to show the diagram commutes. We make some preliminary remarks in these directions.
Recent work on mimetic finite differences, starting in 1997 ( [6] ) and further developed by several authors (e.g., [10, 7, 8, 9] ) seeks to develop approximations on polyhedral meshes based on a finite difference strategy with appropriately defined scalar products. This approach appears quite general. In the present work we do not follow this approach, and rather demonstrate a construction of finite element approximations on a pyramid, without claiming that the method readily extends to other polyhedra.
In what follows, we will refer to the pth order polynomial approximation spaces of
2. The (infinite) reference element, Ω ∞ Given the non-simplicial nature of pyramidal objects, and the requirement that such elements be able to abut tetrahedral and hexahedral elements, a natural choice for a reference element is the infinite pyramid:
We note that this element shall only be used to construct the relevant approximating basis functions. In practice, the assembly of mass and stiffness matrices should be performed on a finite reference element, such as the one suggested by [5] : (2) . As the authors note, any parallelogram-based pyramid may be mapped to the finite pyramid Ω using an affine transformation. Our strategy will therefore be as follows: we shall first ascertain the appropriate (weighted) analogues of
, and L 2 (Ω) on the infinite reference element, Ω ∞ . We then develop finite-dimensional approximating subspaces of these,
. Subsequently, we shall map these elements onto the finite reference pyramid, Ω. To achieve this mapping, we define: (2.1) 2.1. The appropriate weighted Sobolev spaces. We wish to identify elements of L 2 (Ω), H 1 (Ω) etc. with members of (appropriately weighted) Sobolev spaces on the infinite pyramid Ω ∞ . Indeed, if u(x) =ũ(x ∞ ), x ∞ ∈ Ω ∞ , we wish the following properties to hold:
Since the Jacobian of transformation from (ζ, η, ξ) → (x, y, z) is 1 (1+z) 4 , this is clearly the weight we choose.
Therefore, we will use the weighted Sobolev space L 2 w (Ω ∞ ) consisting of measurable functions on Ω ∞ which have finite · w norms:
and are equipped with the natural (weighted) inner product.
If we now examine elements of H 1 (Ω), these have the property that u 0 , ∇u 0 are finite. We wish to find a Sobolev space H 1 w (Ω ∞ ) such that if u(x) =ũ(x ∞ ), x ∞ ∈ Ω ∞ , then following properties to hold:
, where∇ remains to be defined.
The change of variables from (ζ, η, ξ) → (x, y, z) is not orthogonal, and hence the computation of the∇ operator is fairly messy (one cannot simply use scale factors, as in an orthogonal change-of-basis). Explicitly changing variables, and collecting terms, yields
Construction of lowest-order elements
In this section, we demonstrate our strategy by explicitly constructing the linear finite element on a pyramid. We shall compare our construction with that obtained by [5] , where the construction was arrived at differently. We shall see that both methods yield the same basis functions; however, our approach easily generalizes to higher order polynomials.
We begin our construction by recalling the interpolant-driven construction of hp-finite elements by [4] .
At lowest order, for a sufficiently smooth function u defined on Ω ∞ , we want our approximation basis φ i ∈ H 1 w (Ω ∞ ) to exactly interpolate u at the vertices of the pyramid (we include the point at infinity as a vertex). For fixed z > 0, the functions should be linear in x and y. We can no longer allow for only linear functions in the z direction, since these will not decay, and we will not be able to specify the vertex degree of freedom at infinity in a consistent fashion. However, the lowest degree rational functions of the form az+b (1+z have the behavior we wish, and therefore the basis we pick must include 2 rationals which are 1 at z = 0 and z → ∞ respectively, and vanish at the other nodes.
Therefore, we are immediately lead to the following 5 basis functions for G 1 (Ω ∞ ):
The lowest-degree finite-dimensional subspace of H w (curl, Ω ∞ ) should be edge degrees of freedom, to be consistent with what occurs on the finite pyramid. On the finite pyramid, the triangular faces will have the same edge degrees as those of a regular tetrahedron, while the square base should have the same d.o.f. as a box. These edge degrees of freedom specify the tangential components of the field on the finite element. However, when we consider the infinite pyramid, we must be cautious about how we interpret these components.
They should also be "linear" in between edges: on the square face, the tangential components of the basis functions should be linear between the edges. On the vertical faces, however,the behavior should be as described in the G 1 case. This is the analog of the second Nedelec element, but on this non-simplicial object. This yields the following basis functions of H w (curl, Ω ∞ ):
The lowest-order basis for H w (÷, Ω ∞ ) should consist of shape functions each of which have constant normal component on one face of Ω ∞ , vanish on the remaining ones, and extend linearly in between:
space spanned by 1 (1 + z) 4 . Following [5] , we can use the mapping φ to formally define 1 pullback members of
For reference, the pullbacks on each of the spaces are:
The lowest order elements in [5] can easily be mapped to
If one then applies the pullback to the basis functions thus obtained on Ω, one obtains exactly the basis functions on Ω ∞ defined above.
Characterising the finite-dimensional spaces
In this section we shall show that the above spaces on the infinite pyramid resemble a weighted version of the hexahedral Nedelec and Raviart-Thomas elements, combined with the constraints expected from a tetrahedral element on the vertical faces. The characterisation will follow the formulation for hp finite element spaces 1 Less formally, if we embed R 3 in P 3 , φ is a projective mapping and the lack of continuity of the inverse at (0, 0, 1) can be dealt with properly. General projective mappings also provide a method to map any pyramid to the reference pyramid, i.e. without the restriction of a parallelogram base.
given in [4] and [3] . This is motivated by a desire to use the projection based interpolation techniques to define interpolants on the pyramid and the hope that the pyramid can also be fitted into a general hp framework.
Define Q l,m,n to be the space of polynomials of maximum degree l, m, n in x, y, z respectively, for example x 2 yz 7 +y
Similary, let P n be polynomials of maximum degree n in x, y, z e.g. x 2 yz 7 + y 4 z ∈ P 10 and P n k = { u (1+z) k : u ∈ P n }. We will call the Q k and P k spaces k-weighted polynomials.
Let the base face of Ω ∞ be B and the side faces, y = 1, x = 1, y = −1, x = −1 be S 1 , S 2 , S 3 , S 4 , respectively. When describing the space generated by restricting an element to B, we shall use the notation Q l,m to indicate polynomials in x, y of maximum degree l, m respectively. Similarly, on a vertical faces P n k will be k-weighted polynomials in two variables of maximum degree n, the two variables being x, z on S 1 , S 3 and y, z on S 2 , S 4 .
We can see easily that
and grad
Proof. We begin by noting that dim G 1 (Ω ∞ ) = 5 and, by the above remark,
= 8 and it is spanned by 1 1+z {1, x, y, z, xy, xz, yz, xyz}.
Thus any linear combination of the } is equivalent to u| Si ∈ P 1 1 . This will no longer be true for higher order spaces. Clearly,
. The curls of the basis functions in (3.2) are:
and so we see that curl
. We wish to characterise C 1 . and any linear combination of their curls, namely
will not be in Q 
Higher order spaces
The above characterizations suggest the following conjectures for higher order spaces:
In each case n i , i = 1..4 are normals to the faces S i . The constraints on these spaces take two forms. The first constraint just ensures that the exterior derivatives are well defined as mappings from each space to the next. The second constraint is a continuity constraint. H 1 elements must have continuity across element boundaries and standard tetrahedral H 1 elements are polynomial valued on the boundary. The constraint u| Si ∈ P k k ensures that the G k (Ω) elements will also be polynomial valued on their triangular faces. Similarly, we will need continuity on the boundary of the tangential components of the H(curl) elements and the normal component of the H(div) elements.
For these spaces to be useful, we need to show that when we pull them back to the finite pyramid, they satisfy an approximability result; that they are compatible with the standard Nedelec and Raviart-Thomas tetrahedral and hexahedral elements; that the discrete de Rham sequence is exact on these spaces and that there exist interpolation operators such that the spaces commute with the de Rham sequence.
Existence of polynomials.
Standard approximability results for finite elements rely on the existence of families on polynomials up to a certain degree within the finite element space. Here we show that, by increasing k, the elements described above contain polynomials of arbitrarily high degree.
Using the pullback formula (3.7)
Proof. We consider elements of a basis for
The pulled back functions φ * u j are:
. The exterior derivative commutes with pullback, so ∇ · φ
as required. Finally, it is clear that u j · n i ∈ P k−1 k+2 . Lemmas 5.3 and 5.4 may be proved in a similar manner.
Note that the existence of polynomials is only half the story. In order to use a result like the Bramble-Hilbert Lemma, we will also need an interpolation operator that preserves polynomials.
Exactness.
A necessary condition for the spaces to be compatible with the de Rham diagram on the Sobolev spaces is that they satisfy an exact sequence property.
Lemma 5.5.
is an exact sequence
Proof. Since ker grad = R and it is clear that div :
Let u ∈ C k (Ω ∞ ) satisfy curl u = 0. We need to show that u = grad ψ for some ψ ∈ G k (Ω ∞ ). By Poincare's Lemma, we have that u = gradψ for someψ, not necessarily in
Recursively integrating by parts, we obtain:
In particular, sinceṽ is polynomial, we can factorṽ 3 = (1 + z)v wherev ∈ Q k−1,k−1,k−1 . Consider all possible forms for v ∈ ker div. Case 1. v 3 = 0. We are free to choose v 1 and/or v 2 (it doesn't matter which) to ensure that div v = 0. Let and ∇ · v = 0.
as desired. Case 3. v 3 = v 2 = 0. We must have v 1 = f (y, z). u may be constructed using the same approach as Case 2.
Again, in all three cases, the boundary constraints on D k (Ω ∞ ) ensure that they are u satisfies the boundary constraints on C k (Ω ∞ ). For example, note that v 2 ∈ P k ⇒ ∂ ∂y v 2 dx ∈ P k .
Quadratic Elements
The definition of the elements as subspaces of polynomials on the infinite pyramid allows them to be easily constructed. In this section we present a basis for G 2 (Ω ∞ ) and map it to G 2 (Ω). We also show explicitly that P 2 ⊂ G 2 (Ω) and that the restrictions to the triangular faces are polynomial.
Following the construction of [4] , we can decompose the basis into vertex nodes and edge nodes. There is also one base face node and one internal node allowed by our construction, although neither is necessary to get all of P 2 . We start with a basis for Q and it is clear that every other element is zero on all the base edges.
Conclusions/ongoing work
We have shown an explicit construction of a higher order element on a pyramid, whose vertex, edge, and face degrees of freedom match with those of adjacent tetrahedra and boxes. Ongoing work includes precisely defining an interpolant for elements of higher order than these, providing a detailed proof of approximation properties, and constructing a careful proof of the commuting properties.
